The Kragujevac trees with a fixed degree and a fixed order, with maximal and minimal energy are determined.
Introduction: Kragujevac trees
The atom-bond connectivity (ABC) index is one of the currently much studied molecular structure-descriptors based on the degrees of the vertices of the molecular graph [7, 11] . The theory of the ABC index is irrelevant for the considerations in the present paper; for its details see [6, 17] Within recent researches [1, 2, 5, 8, 12-14, 20, 22] aimed at the characterization of trees that have minimal ABC index, a class of trees has been encountered for which the name "Kragujevac trees" was proposed [20] .
A connected acyclic graph is called a tree. The number of vertices of a tree T is its order, denoted by n(T ). A rooted tree is a tree in which one particular vertex is distinguished; this vertex is referred to as the root (of the rooted tree) [18] .
In order to define the Kragujevac trees, we first explain the structure of its branches.
Definition 1. Let P 3 be the 3-vertex tree, rooted at one of its terminal vertices, see Fig. 1 . For k = 2, 3, . . ., construct the rooted tree B k by identifying the roots of k copies of P 3 . The vertex obtained by identifying the roots of P 3 -trees is the root of B k .
Examples illustrating the structure of the rooted tree B k are depicted in Fig. 1 . A typical Kragujevac tree is depicted in Fig. 2 . The branch B k has 2k + 1 vertices. Therefore, if in the Kragujevac tree T , specified in Definition 2,
Evidently, if the degree d of a Kragujevac tree is even (resp. odd), then its order n is odd (resp. even).
It is now easy to verify that the order of a Kragujevac tree must be least n = 11, and that there exist Kragujevac trees of order n, for all n ≥ 11, except n = 12 and n = 14. This fact is illustrated by the examples depicted in Fig. 3 . The eigenvalues λ 1 , λ 2 , . . . , λ n of A(G) form the spectrum of the graph G. Details of the theory of graph spectra can be found in the books [3, 4] . The energy of the graph G is a spectrum-based graph invariant, defined as
In the recent years, graph energy is being extensively studied, and new papers on this matter appear in the mathematical literature almost every week. Details of the theory of graph energy can be found in the reviews [10, 16] and the monograph [21] . In the present work, we offer a further contribution to the theory of graph energy, by characterizing the Kragujevac trees with minimal and maximal E-values.
In what follows, we outline a few results of spectral graph theory and the theory of graph energy that will be needed in the subsequent considerations.
The characteristic polynomial of the graph G, denoted by ϕ (G, λ ), is defined as the characteristic polynomial of the adjacency matrix A(G), i.e.,
where I n is the unit matrix of order n [3, 4] . If the graph G consists of (disconnected) components
For k ≥ 2, a k-matching of a graph G is a selection of its k independent (= mutually non-touching) edges. The number of distinct k-matchings of G is denoted by m(G, k). It is both consistent and convenient to define m(G, 0) = 1 for all graphs G, and m(G, 1) = number of edges of G.
If the graph G is acyclic (which, of course, includes the case when G is a tree), then [3, 4, 19] 
If k is sufficiently large, then m(G, k) = 0. In particular, m(G, k) = 0 whenever k > n/2. Therefore, the expression on the right-hand side of Eq. (2) is a monic polynomial of degree n.
If Eq. (2) holds, then the energy of the graph G satisfies the integral expression [9] 
A remarkable consequence of formula (3) is [9] :
Lemma 3. Let G 1 and G 2 be two graphs whose characteristic polynomials satisfy Eq.
Let e be an edge of the graph G, connecting the vertices u and v.
, which combined with Eq. (2) yields [9, 19] 
In what follows we shall need a special case of Eq. (4). Let v be a vertex of the graph G, adjacent to the vertices u 1 , u 2 , . . . , u d . Let for i = 1, 2, . . . , d, e i be the edge connecting v and u i . Then a k-fold application of formula (4) results in [9, 19] 
We conclude this section by computing the characteristic polynomial of the rooted tree B k from Definition 1. Let v be its root, and u 1 , u 2 , . . . , u k its first neighbors. Let for i = 1, 2, . . . , k, the edge connecting v and u i be denoted by e i . Then Knowing that ϕ (P 1 , λ ) = λ and ϕ (P 2 , λ ) = λ 2 − 1, by applying Eq. (1) we get
which bearing in mind Eq. (5) yields
and finally
3 An auxiliary result 
Proof. Applying Eq. (5) to the edges connecting the branches attached to T 0 we have
Substitute into Eqs. (8) and (9) the expressions for the characteristic polynomial of B k , Eq. (6), and the analogous formulas:
and then calculate the difference between (9) and (8) . After a lengthy but elementary calculation, in which most terms cancel out, we arrive at the identity (7).
According to formula (1), the term λ 2 (λ 2 − 1) k+h−2 ϕ (T 0 , λ ) in Eq. (7) is in fact the characteristic polynomial of the graph consisting of a copy of T 0 , of k + h − 2 copies of P 2 , and of two isolated vertices P 1 . Denote this graph by F, and notice that it has n(T 0 ) + 2(k + h − 2) + 2 = n(T 0 ) + 2(k + h + 1) − 4 vertices. Thus, bearing in mind formula (1), we can rewrite Eq. (7) as
where the order of the graph F is by four smaller than the orders of X and Y .
Main results
The trees X and Y considered in the previous section may be viewed as Kragujevac trees in which v is the central vertex, and all other branches (if any) are same in both X and Y . Then the transformation X → Y does not change either the order or the degree of these Kragujevac trees. Because of the requirement k − 2 ≥ h, in the transformation X → Y , a larger branch is diminished and a smaller branch is increased. In other words, the difference in size between these two branches is reduced. Now, if ϕ (X, λ ) and ϕ (Y, λ ) are polynomials of degree n, then by Eqs. (7) and (10),
Since the multiplier k − h + 1 is positive valued, we conclude that
holds for all k ≥ 1. Thus, Lemma 3 is applicable and we arrive at: 
is an integer, or has branches isomorphic to B k and B k+1 for
In other words, the branches of a maximal-energy Kragujevac tree are either equal or almost equal.
Considering the transformation Y → X and repeating it as far as it is possible, we obtain our second main result: 
